Stability of Feedback Loop



Last week: condition for stability

The system modeled by

x = Ax + Bu
y=Cx+ Du

is stable if
the eigenvalues of A all have negative real parts

(i.e. zeros of det(sl — A) all have negative real parts)



Intuition

Control systems are most often based on feedback

Imagine programming a robot to go from home
to class without feedback (no vision/GPS sensors)
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Taking x3 = 1, T4 = T2, we get the linearlized state model

pendulum

cart

uw,y=|1 0 0 0

Cp




Examp le pendulum
control input M, cart
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Transfer function (from wu to y):
P(s)=C,(sI — A,))"'B,

= ——F——Chadj(s] — A,)B, XX

et(s p) 5.4  -3.13 313 54
s2—9.8
s%(s%—29.4) this zero makes

poles: 0,0, 5.4, —5.4; zeros: 3.1, —3.1 control difficult



Standard feedback loop
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C(s)

P(s): plant transfer function

(
C'(s): controller transfer function

: reference (or command) input



Example

A solution controller (obtained by an advanced method):

C’(s) _ 1039553+541265%2—133755—6687
T 5443283447752 —-5870s5—22170

A state realization of C(s) = C.(sI — A.) ' Be:

0 1 0 0 | 0

0 0 1 0 0

Ac = 0 0 0 1  Be = 0
22170 5870 —477 —32] 1

C.=|—6687 —13375 54126 10395

This controller C'(s) itself is unstable (check!)

Standard feedback loop of the controller and plant is stable
(to be defined)
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Standard feedback loop

P(s) F_”-

View the system having inputs (7, d) and outputs (e, u)

Let the states of the plant and controller be z,, x.

Take the state of the feedback loop to be x4 = (x,, x.)
Ty, = Apxy + Bpu, y = Cpxy
e = Acx. + Bee, u —d = C.x,

e=17r—1Y



Feedback stability

Tl | Ay B,C.| |zp n 0 Byl |r
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Feedback loop (system) is stable if
the eigenvalues of A.; all have negative real parts



M,

0 0 1 0 0
0 0 0 1 0
Ap = 0 —196 0 O  Bp = 1|’
0 294 0 0 -1 v
C,=[1 0 0 0] v
0 1 0 0 | 0
0 0 1 0 0
A = 0 0 0 1  Be = 0]’
22170 5870 —477 —32 1)

C. = |-6687 —13375 54126 10395

[ 4, B.C.
Act = [—Bccp AC]



Standard feedback loop
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P(s) F_”-

P(s): plant transfer function; rational and strictly proper

(
C'(s): controller transfer function; rational and proper

: reference (or command) input



Standard feedback loop: transfer function

d

— C(s) ~—» P(s) P :

View the system having inputs (7, d) and outputs (e, u)
At the two summing junctions:

E(s) = R(s) — P(s)U(s)

U(s) = D(s)+ C(s)E(s)



Standard feedback loop: transfer function
R

_Np _Nc
P=50=5

(Note: Ny, D, or D,, N. may have common factors)




Standard feedback loop: transfer function
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— D,D.+N,N,




Feedback stability

Recall:



Feedback stability

U DpDe+NpNe | DN, D, D, D
Recall:
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el Tp r

o) =caliz] oy
) [N Cuyadj(s] — Aq)Ba + det(s] — Au) Do) | 2
U _det(sI—Acl)( cradj(sl — A¢)Be + det(s c)Del) | 1

Two polynomials D,D. + N, N, and det(sI — A.;) are equivalent

closed-loop characteristic polynomial



Feedback stability

The closed-loop system is stable if and only if
the zeros of D,D. + N,N, all have negative real parts



Closed-loop characteristic polynomial:

Thus the closed-loop system is stable if and only if



Example

P(s) = =, C(s) = £

s2—17

(P(s) has an unstable pole, which is canceled by C(s))

Closed-loop characteristic polynomial:

Thus the closed-loop system is unstable



Canceling unstable poles does not work

An unstable plant cannot be stablilized by
canceling its unstable poles

If P(s)= g]f;—gg has a pole at s = p, Re(s) > 0,

and C(s) = gZ—g has a zero at s = p

then the closed-loop characteristic polynomial
D,D.+ N,N, still has a zero at s =p

An unstable plant can be stablilized by
moving its unstable poles to the left half-plane



Robustness of feedback stability

d

P(s) F_”-

Suppose that the closed-loop system is stable,
i.e. zeros of D,D. + N,N,. all have negative real parts

If we slightly perturb the coefficients of N, N,
the closed loop will still be stable

This is because zeros of a polynomial are continuous functions
of the coeflicients of the polynomial



Standard feedback loop: transfer function
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