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Abstract—This paper studies a distributed resource allocation
problem for a multiagent network with a time-varying digraph.
Each agent in the network is associated with a local variable (re-
source) and a convex cost function. The goal is to collectively min-
imize the total cost in a distributed fashion, subject to individual
resource constraints, and collective equality constraints. The main
challenge of the problem is due to the local information structure
imposed by the time-varying digraph that should be considered
as part of the problem formulation. This paper develops a non-
negative surplus-based distributed optimization algorithm. It is
shown that the proposed distributed algorithm converges to the
global minimizer provided that the time-varying digraph is jointly
strongly connected. Also, all the parameters used in the proposed
algorithm rely only on local knowledge.

Index Terms—Distributed optimization, resource allocation,
multi-agent systems.

I. INTRODUCTION

HE resource allocation problem deals with how to allocate
T available resources to a number of users, called agents. In
this paper, we deal with the multiple resource allocation problem
modelling a collection of independent resources. That is, con-
sidering a network of n agents, for each agenti € {1,--- ,n},
we associate a variable z; € R and a corresponding cost func-
tion F; (x;). The resource allocation problem is the optimization
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under the collective equality constraints Cz = d and individual
inequality (state) constraints z; < z; < 7;, where z; and T; are
given constants, d is a given vector, and C' is a non-negative
matrix with each column having only one non-zero entry. This
problem can address applications where multiple resources are
to be allocated, for example, in energy management systems two
resources (generation and demand) are typically allocated [1],
[2]). This problem can also model the special case where there
is only one resource to be allocated, e.g., economic dispatch
problems [3], power regulation [4] and take-or-pay fuel supply
problems [5].

Although many centralized optimization algorithms exist for
this problem, they are not suitable for large-scale networks due
to significant communications and computational overhead re-
quired for collecting information from all the agents in the
network. Additional disadvantages of the centralized approach
include required global knowledge of the whole network, lack
of robustness due to time-varying nature of the network, and
lack of privacy (by requiring individual agents to provide infor-
mation) [3]. These disadvantages motivate the need of study for
distributed resource allocation problems.

In order to characterize the network constraints for infor-
mation exchanging in distributed resource allocation problems,
graphs are usually adopted to describe inter-agent communi-
cation topologies. The undirected graph model is considered
in [6]-[10], which means that each agent communicates with
its neighbors in a bidirectional manner. However, as in many
applications (e.g., in smart grid [11]) using wireless networks,
communications between some agents in the network may be
unidirectional due to the use of directional antennas or due to the
heterogeneous nature of the wireless communication nodes [12].
Besides, there are inevitable factors leading to directed commu-
nication due to packet loss and communication interference in
wireless networks. In energy related applications, considering
directed communication can also strengthen the scalability of
distributed energy management [1]. Therefore, a directed net-
work is unavoidable [3], [13], [14]. Moreover, as the commu-
nication links between some nodes may become disconnected
sometimes due to external interference, a time-varying directed
graph model is a more practical one, which includes the static
undirected graph model as a special one. In other words, dis-
tributed algorithms need to be developed, which should work
for time-varying directed networks rather than only for static
undirected networks.

Distributed algorithms have been studied to solve the resource
allocation problems since the center-free algorithms firstly pro-
posed in [15]. The flow control problem has a similar optimiza-
tion problem formulation to the resource allocation problem.
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However, the algorithms in [16]-[18], developed to solve the
flow control problem, involve calculation of a global quantity
at each iteration, and therefore may not be suitable for large,
scalable networks. As a special type of resource allocation prob-
lems, the communication graph and the underlying flow graph
are the same in flow control, i.e., the collective equality con-
straints are related to the communication graph. Different from
flow control, we are more interested in the resource allocation
problem, for which the communication graph and the collec-
tive equality constraints are separate in this paper. For the re-
source allocation problem without individual state constraints,
distributed algorithms are studied under static undirected graphs
in [6], [19] and under time-varying undirected graphs in [20],
respectively. For the resource allocation problem with individ-
ual state constraints, consensus based distributed algorithms
are proposed for undirected graphs [7], [8] and balanced di-
graphs [21]. However, for a directed network, it usually does
not satisfy the balanced property, which makes these algorithms
not applicable. More recently, a distributed bisection algorithm
[14], a ratio consensus based decentralized algorithm [13], and
a surplus based consensus algorithm [3] are developed to han-
dle such situations. However, global knowledge, which usually
cannot be known in a distributed setting, is required for the al-
gorithms or for the design of some critical parameters in these
algorithms. In [13], each agent needs to know the cost function
parameters of all other agents, while in [3] a critical parameter
named the learning gain can be designed only after knowing
some global information of the network and is supposed to be
sufficiently small. Moreover, the algorithms presented in [3],
[13], [14] assume static topology, which makes them not ap-
plicable when the network becomes time-varying due to link
losses. For a time-varying digraph, the main difficulty lies in the
aspect that information exchanging is dynamic and may be uni-
directional for some pairs of nodes, thus rendering distributed
algorithms hard to be designed with provable convergence
properties.

In the optimization literature, there are similar optimization
problems as the resource allocation problem, which aim to
minimize Y., F;(z;) subject to coupled inequality/equality

constraints [22]-[24]. However, again, balanced digraphs are as-
sumed in [22] and undirected graphs are assumed in [23], [24].
Apart from these optimization problems with the individual cost
function Fj(x;) depending on individual variable x;, there are

also optimization problems (i.e., minimize Y. ; F;(x)) with
Ty,...,X4

the individual cost function F;(x) depending on global variable
x. For this setup without state constraints, distributed subgradi-
ent methods are developed in [25] and [26] over time-varying
undirected graphs and static balanced graphs, respectively. By
taking into consideration of state constraints, distributed op-
timization algorithms have been studied in [27] and [28] for
time-varying balanced graphs and for static undirected graphs.
So far, most works are concerned with distributed optimization
problems in undirected and/or balanced multi-agent networks
with only a few exceptions [29], [30] that consider directed and
time-varying directed multi-agent networks. Since the ideas for
solving the resource allocation problem are closely related to
a dual version of distributed gradient descent [3], [13], [14],
the distributed subgradient methods in [29], [30] are helpful
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for solving the resource allocation problem with proper mod-
ifications. However, each node needs to know some global
information of constraints. Moreover, high computation and
communication costs may be incurred by these modifications.

Considering the absence of a distributed algorithm for the
resource allocation problem in time-varying and directed multi-
agent networks, this paper aims to solve the distributed resource
allocation problem over time-varying directed networks. Based
on a surplus idea for consensus, a fully distributed algorithm is
proposed to solve the distributed resource allocation problem,
for which the time-varying directed topology is also a part of the
constraints to the problem. The meaning of a fully distributed
algorithm is two-fold. First, the design of the parameters used
in each iteration for each agent is only based on local knowl-
edge available to it. Second, the iteration is carried out by each
agent using only information transmitted from its neighbors. We
then show that the distributed algorithm ensures global conver-
gence to the optimal resource allocation solution. The idea is
inspired by the surplus based averaging algorithm over digraphs
[31]. But the fundamental difference is that the Lyapunov func-
tion based analysis developed in [31] is no longer applicable
for the convergence analysis of our algorithm due to individual
state constraints. This paper develops a new technique based
on monotonicity analysis and shows that the convergence of
our algorithm is guaranteed provided that the time-varying di-
graph is jointly strongly connected. Compared with these exist-
ing distributed algorithms for the resource allocation problem,
our work removes the need of doubly stochastic matrices and
provides provable convergence results for time-varying and di-
rected multi-agent networks.

This paper is organized as follows. In Section II, prelimi-
naries and problem formulation are introduced. In Section III,
a nonnegative-surplus based distributed algorithm for solving
the resource allocation problem is designed. Convergence anal-
ysis is given in Section I'V. Feasible analysis and initialization
are discussed in V. At last, simulation results are presented in
Section VI and we summarize our paper and state further re-
search problems in Section VII.

Notation: R denotes the set of real numbers. N denotes the
set of integer numbers. 1,, represents the n-dimensional vector
of ones and I,, represents the identity matrix of order n. The
symbol | - | denotes the cardinality of a set. For a vector v =
[v1,...,v,]T € R", the following notation is used:

min(v) := minv;, max(v) := maxwv;.
3 3

For a matrix X € R™*", we use min(X) to denote the vector
[min(X71.),- -+, min(X,,,)]" and use max(X) to denote the
vector [max(Xi,), - ,max(X,,.)]", where X1, ..., X,,, are
the row vectors of X. For a real number « € R, [z] denotes the
smallest integer greater than or equal to x. Moreover, [z]_ is

defined as
] = rz x <0,
=710 z>o.

If x is a vector, [x]_ means that every entry of x takes the
above function. For any vy, vy € R™*", we say v; = vy if all
the entries of v; — vy are nonnegative and v; < vy if all the
entries of v; — v9 are nonpositive.
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The gradient of a function f(z) at a point z € R" is defined
to be the column vector

Vi) = {851(?,...7

)

The Hessian of f(x) at z is defined to be the symmetric 7 X r
matrix having 9? f(x)/0z;0x; as the ij-th element:

0* f(x)
Oxi0x; |,

V)= |

II. PRELIMINARIES AND PROBLEM FORMULATION

A. Preliminaries for Graphs

A directed graph (digraph) G = (V,€) consists of a non-
empty finite set )V of elements called nodes and a finite set £
of ordered pairs of nodes called edges . In G, a node i is said
to be reachable from a node j if there exists a path from j to
1. Moreover, G is said to be strongly connected if every node is
reachable from every other node.

A time-varying digraph G(k) = (V,E(k)) represents a di-
graph whose edge set changes over time. For a time inter-
val [ki, ko], the union digraph is defined as G([k1,kq]) :=
VUi, ) €(K)). A time-varying digraph G (k) = (V, (k)
is said to be jointly strongly connected if there exists K such
that for every ko the union digraph G([ko, ko + K)) is strongly
connected. We call K the period of G(k).

For each node i € V, let ;" (k) := {j € V: (j,i) € E(k)}
denote the set of its in-neighbors , and let N (k) :=={l e V:
(i,1) € E(k)} denote the set of its out-neighbors . Note that at
any time k, N;" (k) # N (k) generally. In addition, i ¢ N;" (k)
and i € N (k). Letd; (k) := |N;" (k)| be its in-degree and let
d; (k) == |N; (k)| be its out-degree .

B. Distributed Resource Allocation Problem

We consider a distributed resource allocation problem over
a network of autonomous agents. The network is modelled
as a time-varying digraph G(k) = (V,&(k)) with node set
V =1{1,2,...,n} and edge set £(k) C V x V. By this model,
each agent is only capable of receiving messages from its in-
neighbors and transmitting messages to its out-neighbors. More-
over, the neighboring relationship also changes over time due to
unpredictable packet losses or deliberate operations.

Each agent 7 of the network is associated with a local vari-
able (resource) z; € R and a convex cost function F; : R — R.
The local variable (resource) z; € R is subject to an inequality
constraint z; < x; < ;. Moreover, the sums of combinations
of multiple variables (resources) across the network are fixed.
To sum up, the optimal resource allocation problem is stated as
follows.

n
minimize Z Fi(x;)

(la)
T, Ty
i=1
subject to:
z; <z; <Z;,Vi, (individual state constraints) (1b)
Cz =d, (collective equality constraints) (1c)
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where z = [z1, -+ ,2,]", d = [d1, - ,d,]",and C € R™*"
with every column having only one entry being 1 and others
being 0. We can think of d;, + = 1,...,m, as the total amount
of a type of resources, that is only allowed to be allocated to a
subset of agents.

In this paper, we are interested in distributed algorithms for
solving this general problem (1), where each agent is only al-
lowed to conduct local computation via received information
from its in-neighbors. Thus, the local information structure im-
posed by the time-varying digraph should be considered as part
of the problem formulation, which makes the problem extraordi-
narily challenging. We assume that the functions F; are strongly
convex and twice continuously differentiable with the second
derivatives that are bounded below as in [3], [6].

Assumption 1: The function Fj(z;) is twice continuously
differentiable in R and the second derivative is lower-bounded
in the interval [z;, T;], i.e.,

2
dF;T(sz) >1; >0,V <w <77y,
where [; is a constant. A

Moreover, the following assumption is made for the time-
varying digraph G (k).

Assumption 2: The time-varying digraph G(k) is jointly
strongly connected with period K. A

Remark 1: If a solution exists and satisfies (1b) and (1c), we
call it a feasible solution to the resource allocation problem (1).
As each column of C' has only one nonzero entry, it can be ver-
ified that there is a feasible solution for the resource allocation
problem (1) if and only if

where z = [z, - T, A

III. NONNEGATIVE-SURPLUS BASED ALGORITHM

In this section, we are going to develop a distributed algorithm
to solve the resource allocation problem (1).
For each agent 7, we define the incremental cost function

J,‘ i) = . 2
(@) = = @
Moreover, we denote
fle) =Y Fi(w),

i=1
h(x) =d— Cz, and
g(l’) = ["I“l 7T13“' y L 75717&1 — L1, ;&n 7$71}T

Let X = {z|h(z) =0, g(x) < 0} be the set of all feasible so-
lutions. The Lagrangian function is constructed as

L(z,v,p) = ZFZ(%) — v (Cx —d)
i=1

+ Zm(xi -Ti)+ Zunﬂ‘(@, - i),
i=1 i=1
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[
A2(k) | b2(k)s2(k)
Aa(k) A1(k)
.b4(k)34(k) .bl(k)sl(k) ®
4 1 3
Fig. 1. Information exchanging in Algorithm 1.

are the Lagrange

where v and = |- -- s Hnis ]

multipliers.

Now, we present the optimality condition for the resource
allocation problem (1), which can be simply obtained from the
Lagrangian equivalence.

Lemma 1: (Proposition 1.29, 1.30, Page 71, [32]) Under As-
sumption 1, z* is the globally optimal solution to the resource
allocation problem (1) and (v*, u*) are the optimal Lagrange
multipliers if and only if

Ji(x) = Clv
Ji(z) > Clv

sy My

forz; <z <,

for x} =7;, 3)
for x} = z;,

where C,; denotes the i-th column of C. A

The condition (3) can also be written in the following equiv-
alent form: For every 1,

i = ¢i(Civ") (4)
where
T; if C,Il/* > Jt(ft)
$i(Cov") == ¢ JTHCLvY) if Ji(zy) < Clv' < Ji(T)

x; if Clv* < Ji(z;)

)
with .J;!(-) being the inverse function of J; (z;). From (4), we
know that if the optimal Lagrange multiplier * is obtained,
then the globally optimal solution z can be obtained in a dis-
tributed manner. Based on this observation, our main idea is to
let each agent have its own copy of the Lagrange multiplier, say
A; € R™, and update \; such that all \; reach consensus at v/*.
Also, at each step, each agent calculates its estimate x; about
the optimal z} according to the projection map z; = ¢; (C\;),
which confines the estimate x; in the interval [z;,Z;]. How-
ever, due to asymmetrical information flow in the time-varying
digraph model and also due to the nonlinear projection map
z; = ¢;(CL\;), the estimate [z1,...,7,]" at each step may
not be a feasible solution to (1c) though it starts with a feasible
solution of (1c¢). In order to overcome this challenge, a surplus
variable s; € R™ is introduced for each agent ¢ to temporar-
ily store the resulting bias that will then be averaged with its
neighbors such that it vanishes asymptotically. These ideas are
summarized in the algorithm below.

The operator [-]_ for the item Z].ENI+ () @i (k) (N (k) —
Ai(k)) in Algorithm 1 ensures non-negative s; as shown in the
following lemma. So we call Algorithm 1 a nonnegative-surplus
based algorithm .

Lemma 2: For Algorithm 1, if s;(0) = 0 for all ¢ € ), then
si(k) = 0foralli € Vand k > 0. A
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Algorithm 1: Nonnegative-Surplus Based Algorithm.
Initialization:
(1) Choose
z;(0) € [z;,7;] and s;(0) > O forall ¢ (6)
such that
Cz(0) + Z s(0) = d; (7)
i=1
(2) Choose A; (0) such that
CLAi(0) = Ji(2:(0)). )
Update:
Nk =Nk + | D ai(k) (k) = Ai(k))
jEN; (k) -
zi(k+1) = ¢i(Ci(k + 1)), (9b)
silk+1) =bi(k)si(k) + D bi(k)s; (k)
JEN (k)
— C*Z(acl (k + 1) —x; (k)), (9¢)

where the parameters in the algorithm are chosen as follo-

ws: a; (k) = W’b’(k) = d;’(’i)ﬂ and ¢, (k) = ¢;b; (k)

The proof of Lemma 2 is given in the appendix.

In the following, we briefly explain how Algorithm 1 is im-
plemented in a distributed fashion based on information ex-
change among neighbors. For Algorithm 1, each agent i only
needs to know its in-degree d; (k) and out-degree d; (k). In
addition, each agent i receives \; (k) and b;(k)s; (k) from its
in-neighbors, and transmits \; (k) and b;(k)s; (k) to its out-
neighbors. See Fig. 1 for an example on what information being
exchanged in the network.

Moreover, the design of the parameters used in Algorithm 1
does not require any global knowledge of the network, but local
knowledge from itself and its neighbors.

Remark 2: Recall that in Algorithm 1,

1 1
with ¢; being a constant in (0, ;). So a; (k), b;(k), and ¢; (k) are
uniformly bounded from below. That is, there exist o,, 05, 0. >
0 such that

00 < a;i(k) <1, gp <bi(k) <1, and o, < ¢(k) <l;.

Note that for any constant ¢; € (0,1;), there exists g; > 0 such
that

00 < (1=¢;/l;)bi(k) < 1.

In the following, we denote ¢ := min{g,, 0y, 0c, 0d }- A
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Remark 3: For a static digraph model, a similar idea using
a surplus variable is considered in [3] to solve the resource
allocation problem. However, it has two limitations. First, the
algorithm in [3] may not converge when the digraph becomes
time-varying as shown in our simulation section later. Second,
a critical parameter requires global knowledge of the whole
network in the design step; Otherwise, the convergence may
not be guaranteed. Our algorithm, however, does not have such
drawbacks. A

Remark 4: In different applications, there may or may not
exist self-loops. We note, however, that our algorithm uses
only relative information between agents, and as a result there
is no change to the algorithm whether with or without self-
loops. (Relative information of an agent with respect to itself
is zero.) A

IV. CONVERGENCE ANALYSIS

In this section, we show that the nonnegative-surplus based
algorithm (Algorithm 1) converges and provides the globally
optimal solution to the resource allocation problem (1).

Theorem 1: Suppose Assumptions 1 and 2 hold. Algorithm 1
converges to the globally optimal solution to the resource allo-
cation problems (1). A

To prove Theorem 1, we present several technical lemmas, but
the proofs of these technical lemmas are given in the appendix.

The first lemma shows that the collective equality constraints
hold by counting into the surplus values when the agents run
Algorithm 1.

Lemma 3: Cx(k)+>." | si(k) = d for all k. A

The second lemma shows that every component of the surplus
vector s; (k) is upper bounded under Algorithm 1.

Lemma 4: Suppose Assumption 2 holds. Then for all 7 € V
and k£ > 0, it holds that

min(A(k+ A+ 1)) — min(A(k + A))
QAJrl ’

si(k) = (10)

where A = (n — 1)K. A
The following lemma presents several properties about
Ai(k). In what follows, we denote \:=[A,---,\,] and
$:=1[81, -+, 8n], which are m x n matrices.
Lemma 5: For Algorithm 1, the following holds:
1) Every component of min(A(k)) is non-decreasing with
respect to k;
2) There exists a vector A € R™ such that min(\(k)) < \;
3) There exists a constant vector o = [0y, -+ ,0,,]" € R™
such that limy, .., min(A(k)) = o. A
Now we are ready to present the main proof for Theorem 1
Proof of Theorem 1: From Lemma 4 and Lemma 5, it can be
inferred that

lim s(k) = 0.
k—oo
Next, we show that all \; converge to the same vector. Look

at each component of s; and \; and denote by s;; and \;; the
h-th component of s; and )\;, respectively. Moreover, denote
Ahs = P\hla ce 7)\hn] and denote s, = [5h17 ce ashn]- Thus,
it is equivalent to show that for every h = 1,...,m, all \p;
converge to the same value.
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First, we show the limit of every Aj; (k) exists, that is, Aj; is
bounded and not oscillatory. For any ¢ € V and k > ky > 0, by
(9a) we obtain

k-1
> alk)sni(k)

k'=kg

< Mnilko) + gni(ko),

Ani (k) < Ani(ko) +

(1)

where

k'=k
The following proof is divided into three steps.

Step 1: To show that gy,; (k) is bounded and limy, ., gp; (k) =
0 for every 1.

By the fact that s;,; (k) > 0, we obtain gy,; (k) > 0. Then from
Lemma 4, it follows that

ghL E Shz

=k

min(A,. (K + A))

i n( . (K + A +1)) —

oA+
limy oo min(Ap (K + A+ 1)) —min(Ap. (k + A))
QA+1

o — min(Ap.(k + A))
QA+1

=

:l’i

Using Lemma 5, it is then clear that gp; (k) is bounded and
limy, oo 9hi (k) =0.

Step 2: To show that \j,; (k) is bounded for any .

Recall that

min( A, (k) < Mi(k) < i (ko) + gni (ko).

Since g;; (k) is bounded and min(Ap.(k)) is non-decreasing,
it can be obtained that \;,; (k) is bounded.

Step 3: To show that \j,; (k) is not oscillatory for any 4.

Suppose on the contrary that there exists an agent i € V
such that A\y; (k) is oscillating. Then we can construct two sub-
sequences {k{, k,...} and {k ...} such that k& > £ for
any j = 0,1,...,and {A\n; (K})} and {)\h, (K7)} have two differ-
ent limits, i.e., hmjﬁOC )\;”(k ) =a, hmjﬂOO )\m(k”) =b, and
a # b. Without loss of generahty, we assume a > b. Then from
(11) we can get that

hm ght(k ) > hm (/\ht(k ) )\lu(k;,)) =a—b> O,
a contradiction to limy ., gni (k) = 0. Thus, we conclude that
Ani (k) has a limit for any .
Second, we show that all \;,; (k) converge to oy,.
There are two possible cases.
1) Ani(k) converge to the same value for all 4;
2) Api(k) converge to different values for different 4.
Consider case (i) and recall that limy, .., min(\,.(k)) = oy,.
It can be directly obtained that

Jlim X (k) = o) 1.
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Next we prove that case (ii) will not happen. We suppose
on the contrary that Aj;(k)’s converge to different values for
different i. Again with the fact that limy, . min(A,.(k)) = o,
there exists ¢ such that

klim )\hz(k) > oyp.
Then we can relabel the nodes if necessary such that

limg oo Mpi(k) = op1, i =1,...,my
limy, o0 Ani (k) =0p2, t=n1+1,...,m2

limy, oo )\]”(k) = Ohp, 1= Np-1 + 1,....n
and
Op1 > Op2 > ... > Opp = Op.

We choose
1

€= 59(0}11 —0op2)

and it is certain that there exists a k; such that for any k > k;,

ont —e < i(k) <op+e i=1,...,m

ohp —€ < Mpi(k) <opp+e, i=n,1+1,...,n

Since G(k) is jointly strongly connected with period K, for any
interval [k, k + K) (k > k1), thereexistsak’ € [k, k + K),i €
{1,...,n1}and i’ € {ny +1,...,n} such that (¢, i) € E(F).
Then from (9a), we have

Gi(k,)shi(k‘,)

=i (K +1) = M\ (K) — Z ai(Anj (K') — Ani (K'))
je N

i —

> —de + g(op1 — on2)
=& >0,

a contradiction to limy ., sp,; (k) = 0.
To conclude,

Jim Ay (k) = o3 1]

Together with the fact i can be any value in {1, -, m}, we
obtain
lim (k) = ol,.

k—o00

Therefore, the conclusion follows. [ ]

V. INITIALIZATION AND FEASIBILITY ANALYSIS

In this section, we come to discuss how to find an initializa-
tion for Algorithm 1 and also investigate on how to verify the
existence of a solution to the resource allocation problem (1).
To provide an initialization for Algorithm 1 is equivalent to find
a feasible solution satisfying (1b) and (1c). In this section, we
will provide a distributed algorithm for the initialization of Al-
gorithm 1 as well as for the feasibility test to check whether the
resource allocation problem (1) has a solution.

The following lemma states what we need.
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Lemma 6: If Cxz < d < C7Z, then the optimal solution to the
following optimization problem:

n

minimize Fi(z; 12a
subject to
Cx =d, (12b)
— Ti—x 2 . . . . .
where F(z;) = & (;ﬁ) , is a feasible solution satisfying

(1b) and (1c¢). A
Proof: For the h-th row of C, without loss of generality, we
assume that C; = 1fori € {hy,--- ,h,} and Cj; = 0 fori ¢

{hlv"' ﬂhp}'
By Lemma 1, we know that if 2* is the optimal solution to
(12), then the following holds:
% hy
L, dp — Ei:hl Z;

by h, :
Zi:hl Li — Zi:hl L
(13)

By the condition C'z = d < C'T and also the assumption that
every column of C has only one entry being 1, it follows that

h
0< dp, — Ziihl xX;

* J—
1 — Ly, o xh,, Ehl,,

Thy — Lp, Th, _g}z,,,

S o 7 <1,
Eiihl Ti— Eiihl Z;
which implies
T; <z <z, Vi
So it is a feasible solution satisfying (1b) and (1c). |

Note that the optimization problem (12) is a special case of (1)
without individual state constraints. Moreover, the cost function
in (12a) is of particular form

7 1z -z
=3 (937 zi) '
Thus, the optimization problem (12) can be solved in a dis-
tributed way by almost the same algorithm as Algorithm 1. But
since there is no individual state constraint for the optimization
problem (12), the initialization starts with a feasible solution
only satisfying (1c) and the projection map (9b) in Algorithm 1
also changes. The following algorithm summarizes the idea.
For the initialization in Algorithm 2, leader election is one
approach. That is, m tokens are passed in the network. If any
agent j with nonzero ¢;; (the (¢, j)-th entry of C') gets token i,
and also knows d; (the ¢-th entry of d), then it chooses

z;(0) = d;

and stops passing token i. For those who do not get any token,
they choose their initial states to be 0.

An alternative distributed approach is to use “integer consen-
sus” [33]. Suppose that each agent has a unique ID, an integer
number. For those who know d;, running the integer consensus
algorithm will let them reach the same integer. The agent whose
ID is the same as the integer wins and sets its initial state to
be de .

As Algorithm 2 is a special form of Algorithm 1, the con-
vergence is also guaranteed by the same analysis as done in
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Algorithm 2: Distributed Algorithm for Problem (12).
Initialization:

Choose s;(0) = 0 and z;(0),i = 1,...,n, such that
Cz(0) =d.
Moreover, choose 7;(0), @ = 1,...,n, such that
T L 3
C*7 7( ) dJJZ |Ll?,‘:.’L','(0) = 7 —z, .
Update:
mi(k+ 1) =m(k) + | > aik)(n;(k) = mi(k))
je N (k) _
+ €i(k)si (k), (14a)
wi(k +1) =i (Climi(k +1)) = (@ — z;)Cimi(k + 1)+,
(14b)
.IEM+( )

where the parameters in the algorithm are chosen as

r — 1 _ 1
follows: at(k:) =T 1,bl(k) = T and
ei(k) = cilibi (k) with ¢; € (0,1) and [; = =1—.
TABLE I
SIMULATION PARAMETERS
Agents Type A B C
State Constraints | [0.5,2] | [-0.5,1] | [-1,1]
Cost Function x; x; + 327 a7
Incremental Cost 3mf 3mf + 6x; 2x;

Section IV. That is, all ; (k) in Algorithm 2 converge to the op-
timal Lagrange multiplier. We denoted n* = limy, ., n; (k) for
all . The following lemma tells whether the resource allocation
problem (1) has a solution.

Lemma 7: If 0 < C;E n* < 1 for all ¢, then the resource allo-
cation problem (1) has a feasible solution; Otherwise, it has no
feasible solution.

Proof: By Algorithm 2, we obtain that Cn* = === Thus,

if 0 < C*Tm* < 1 for all 7, it follows from the formula (13) in
the proof of Lemma 6 that

(Vh € {13 e 7m}) Ch*li S dh S Ch*fi;
which can be rewritten as
Cx <d=CT.

As pointed out in Remark 1, the resource allocation problem (1)
has a feasible solution if and only if

Cz<d=<C7.

Therefore, the resource allocation problem (1) has a feasible
solution.
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G(k)
g3 — e— o *——o0
Go T e—o ——o
G —
k
t t } t t }
1 2 3 4 5 6
) -6 o O o o
3 4 3 4 3 4
g1 G2 gs
Fig. 2. A time-varying digraph G(k) that switches among three different

topologies Gi, Go and G3, ie., (Vk > 0)G(3k) = G1, G(3k + 1) = G» and
g(3k + 2) = G3.
TABLE I1
INITIAL CONDITIONS
Variable | 1 =1 | i=2 | 1=3 | 1=4

2(0) 0.5 0.5 —0.5 —1

s(0) 0 0 0 6.5

A(0) 0.75 0.75 24 -2

On the contrary, if there exists i such that C/n* >
1or C*TZ < 0, then from (13) we know that there exists a row
h such that

d}z > Ch*ji or d}z < C}L*&i-

Therefore, the resource allocation problem (1) has no feasible
solution. |
Remark 5: From the above analysis, we can know that if
eqgs. (1b)-(1c) has a unique solution, then this unique solution
must take its value on the boundary of the interval [z, , T; ] for all ¢
and Algorithm 2 takes infinite number of steps to find this unique
feasible solution. But for this case, this unique solution is also the
globally optimal solution to the resource allocation problem (1)
and there is no need of running Algorithm 1. For other cases, if
there is more than one feasible solution satisfying eqs. (1b)-(1c),
then the optimal solution to the optimization problem (12) must
take its value in the interior of [z;, Z;] for all ¢, which means that
at some step k*, all C\n; (k*) must be strictly inside the interval
(0,1) for all 1. Therefore although it is not possible to know
the explicit iteration number, a practical way can be adopted
by each agent to stop Algorithm 2 when a valid initialization
is ready to pick. For example, a very small positive parameter
1) can be used to indicate whether Algorithm 2 converges close
enough to the optimal solution to the problem (12) by checking
whether ||s;(k*)|| < 9 for all 4 at step k* and remains inside
for sufficient long time. If so, z; (k") and s; (k") obtained from
Algorithm 2 can be used as the initialization for Algorithm 1.
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Fig. 3.

VI. SIMULATION EXAMPLES

In this section, we provide simulation examples to illustrate
our proposed algorithms. Different from flow control with in-
terrelated communication graph and collective equality con-
straints, these examples below imply that the communication
graph and the collective equality constraints are separate in the
resource allocation problem we study.

A. A Four-Agents Network Example

First, we consider a network with four agents, labeled as
1,2, 3, and 4. We summarize the state constraints and cost func-
tions in Table I and the four agents are chosen from three types
described in Table I. Note that the cost functions are strictly
convex. Agent 1 and 2 are of Type A, agent 3 is of Type B, and
agent 4 is of Type C. As an illustrative example, we consider
a time-varying digraph G(k) switching among three different
topologies as shown in Fig. 2.

We carry out a simulation with the following single collective
equality constraint

We set the initial conditions as in Table II.

The simulation results of Algorithm 1 are shown in Fig. 3. It
can be checked that the optimal solution is: \* = 11.98, 2} =
2,x5 = 2,23 = 1,z = 1. From the simulation results, we can
see that by running Algorithm 1, all \;’s converge to the opti-
mal Lagrange multiplier A* as shown in the top-left sub-figure
of Fig. 3. Each agent’s state ; converges to the optimal value ]
as shown in the top-right sub-figure. The bottom-left sub-figure
shows that all the surplus values s;’s converge to 0 as desired.
The sum of all x;’s is shown in the bottom-right, which con-
verges to the constant in the collective equality constraint. For
this simulation example, isolated agents exist when the topology
becomes Gs, during which \; (k) are non-decreasing.

We also plot the difference between x;(k) and J; '()\;) in
Fig. 4, from which we can see that the individual state constraint
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Corresponding state x

L L L L L \
0 50 100 150 200 250 300

The sum of xi’s approach to Total demand

i

The sum of x's

Total demand

The sum of x.’s
6 = m o s oo~

L L L L L \
0 50 100 150 200 250 300

The simulation trajectories of the estimated Lagrange multiplier, individual state, surplus, and sum of z;’s.

The subtraction between corresponding state X, and Ji'1 (hi)
5-

JR—
—
—3

4

< or
T
1 .
0
"o 50 100 150 200 250 300
k
Fig. 4. The difference between z; (k) and Jfl (i (k).

takes effect for those steps, during which the difference are non-
Zero.

Recall that ¢; can be written as ¢; = ¢;l; with ¢; € (0,1).
Thus, to observe how the choice of ¢; affects the convergence
rate of Algorithm 1, simulations are carried out for this example
with different ;. The simulation result plotted in Fig. 5 describes
the relation between the number of iterations and the choice of
¢; chosen from 0.01 to 0.99. It can be observed that the larger ¢;
is, the faster Algorithm 1 converges, which coincides with the
intuition behind.

B. Simulations for Large-Scale Networks

In this subsection, we present several simulations to show
the performance of our proposed algorithms for large-scale net-
works and compare with other existing algorithms.

In the first simulation, we consid)er a network of n = 200
agents. We randomly assign % directed edges at each
step. The cost function associated with each agent 7 takes the
(z;—a;)

quadratic form Fj(x;) = 33, ’ + ;, where «;, 3;, and ~;
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Fig.5. The number of iterations (y-axis) for different ¢; until ||z (k) — 2| <
0.05.
12r
| — Error decay with time|
“x
<
X
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0 200 400 600 800 1000
Fig. 6. The error norm ||z (k) — z*|| (y-axis) with respect to the iteration step

(z-axis) for a network of 200 agents.

are randomly selected from (0, 1) for each agent . The indi-
vidual state constraint is supposed to be the same for all the
agents, namely, all constrained in [—1, 1]. Moreover, the col-
lective equality constraint takes the vector of all 1’s as C' and
d = 10. Algorithm 1 is run for this example with ¢; = 0.5 for
all 4. The simulation result is shown in Fig. 6, which plots the
average error ||x(k) — «*|| of 50 executions with respect to the
iteration step. This simulation demonstrates that our proposed
algorithm works well for large-scale networks.

In the second simulation, we consider a network of n = 50
agents. The cost functions and the state constraints adopt the
same setup as in the first simulation. Three scenarios are simu-
lated: (a) Consider a static digraph with @ directed edges
randomly assigned for the network and use the parameter
¢i = 0.2 for all 7; (b) Consider a static digraph with w
directed edges randomly assigned for the network and use the
parameter ¢; = 0.9 for all 7; (c) Consider a time-varying di-

graph with % directed edges randomly assigned at each
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Fig. 7. Comparison of our algorithm with non-negative surplus and the
algorithm with surplus in [3] for a network of 50 agents.

step for the network and use the parameter ¢; = 0.2 for all .
For each scenario, both our algorithm (Algorithm 1) and the
algorithm from [3] are run, where the parameter € in the algo-
rithm in [3] uses a value converted from the parameter c; in our
algorithm. The simulation results are plotted in Fig. 7, where the
red curves are the error norm resulted from our algorithm and
the blue curves are the error norm resulted from the algorithm
in [3]. From the simulations, we can see that our algorithm con-
verges to the optimal solution in all these three scenarios. The
algorithm in [3] converges to the optimal solution for scenario
a), which has a small parameter c;, but it does not converge
to the optimal solution for a large parameter c;. Moreover, the
error norm becomes oscillating and does not converge to zero
when the digraph becomes time-varying.

At last, we show the scaling law of the period K and its
influence on the convergence rate. Again, a network of n = 50
agents is considered. When counting the number of iterations,
the termination condition ||z(k) — z*|| < 0.05 is used. The plot
in Fig. 8 is the averaged counting of 50 executions with respect
to the period K from 1 to 10. The simulation shows that the
number of iterations is nearly of linear growth with respect to
the period K of a jointly strongly connected digraph.

C. Simulations for the IEEE 39-Bus system

In this subsection, we present a simulation for the IEEE
39-bus system with 10 generation units and 18 demand-side
devices (Fig. 1 in [1]). The parameters are adopted from Table I
in [2]. In smart grid, demands can be divided into two types:



XU et al.: DISTRIBUTED ALGORITHM FOR RESOURCE ALLOCATION OVER DYNAMIC DIGRAPHS

4500

4000 —*— Scaling law of K

3500

3000

2500

2000

1500 -

1000 -

Covergence time(number of iterations)
(o
8

Period K
Fig. 8. The scaling law of K and its influence on the convergence rate.

IEEE 39-Bus example

—— Error decay with time‘
50
_ a0
=
S
A 301
=
=
*
Z ol
10r
o \ : \ \ \ \ \ \ \ \
0 200 400 600 800 1000 1200 1400 1600 1800 2000
Fig.9. The error norm ||z (k) — z*|| (y-axis) with respect to the iteration step

(z-axis) for the IEEE 39-Bus system.

responsive demands and traditional demands [34]. The respon-
sive demands have their own cost functions and state constraints,
while the traditional demands are commonly fixed. In this exam-
ple, we assume that the 18 demand-side devices are responsive
demands and there exist extra traditional demands connecting
to this system. That is, C' is a 2 x n matrix. Moreover, the
estimates about the total generation, the total amount of tradi-
tional demands, and the total amount of responsive demands are
dy = 100,d3 = 10,and dy = dy — d3 = 90, respectively. Thus,
set C; = 1,02; =0fori <10 and Cy; = 0,02; =1for7 >
10, and set z;(0) = 0, s1;(0) = 100, s2;(0) = 90 for s = 1 and
2;(0) =0, 51;(0) = 0, 89;(0) = 0, otherwise . The simulation
result is plotted in Fig. 9, which shows the convergence towards
the optimal resource allocation solution.

VII. CONCLUSION

The distributed resource allocation problem has received
increasing attention in recent years. However, most existing
works assume either time-invariant or balanced communication
topologies. This paper, however, removes the strong assumption
on time-invariant or balanced topologies and develops a fully
distributed algorithm for solving the resource allocation prob-
lem over arbitrary strongly connected digraphs. We introduce
a nonnegative surplus to make the collective state constraints
asymptotically satisfied and propose distributed iteration rules
to steer the states to the optimal solution. The parameters used
in the iterations do not require global knowledge, yet global
convergence is assured.
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Intuitively, a signed surplus scheme may lead to better con-
vergence rate than our proposed nonnegative surplus scheme.
However, it is still challenging on how to ensure global con-
vergence by using only local knowledge for the design of the
algorithm parameters. Further work will be continued to ex-
plore the inherent mechanisms for global convergence of dis-
tributed algorithms based on signed surplus variables. Besides,
Assumption 1 indicates that the cost functions are strictly con-
vex. Relaxation of this assumption is a further step towards
general non-convex optimization problems. Moreover, by ex-
ploring further the inherent mechanism for using the surplus, it
may become possible to solve the problem of allocating mul-
tiple resources that are coupled together. The main idea relies
on how to update the surplus vector to ensure the convergence
towards zero by projecting each individual’s estimate about its
own optimal amount of resources to the feasible solution space.

APPENDIX

The function ¢;(C)\;) defined in (5) holds the following
property, which is useful in the following proofs.
Lemma A.1: Foreachi €V, if @ > b, then

(\“H

0 < ¢i(a) = i(b) < (a —b),

where [; is the constant in Assumption 1. A
Proof: By Assumption 1, we know that J; (x;) is an increas-

ing function, sois J; ' (y;). Thus it follows from d* F; /dz? > I,

in Assumption 1 that 0 < dJ; ' (y;)/dy; < 1/l;. Forany a > b,

from (5) it is known that ¢; (a) — ¢;(b) > 0. On the other hand,

by 0 < dJ; ' (y;)/dy; < & it can be inferred that

Proof of Lemma 2: By (9a) it follows that
)\L(k + 1) — )\z(k) = et(k‘)sl(k)

Then if C\;(k+ 1) > CA

that

xi(k+1) — (k) =

i (k), it follows from Lemma A.1

Ai(k+ 1)) = i (Ci N (k)

l; '

i (C;

(CT i(k+1) = Coxi(k)) <

:\AM_.

Moreover, notice there exist and only exist one positive
value 1 for each column of C', and other elements are 0; without
loss of generality, assume C},,; = 1. Then, together with (9c),
we have

sk + 1) b (R)s (k) + D2 by (R)s; (k) ~Cua == s (8)
JEN (k) '
Sh()i(k + 1) Z (1 - Ci)bt shot Z b shoj )
.zeN,*( )
=
sni(k+1) > b (k)spi(k) + > bj(k)snj(k), b # ho
JEM (k)
(15)
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On the other hand, if C\\;(k+ 1) < C\;(k), it can be
obtained straightforward from (9c) that

si(k+1) = bi(k)si(k) + > bi(k)s;(k).
JENT (k)

(16)

Both (1 — ¢;)b; (k) and b; (k)’s are positive. Hence, the con-
clusion that if s;(0) = 0 for all ¢ € V, then

si(k) = 0foralli € Vand k > 0. [ |
Proof of Lemma 3: By (9¢), we obtain that

Cx(k+1) +is¢,(k+ 1)

=1

—Z

(k+ 1) + Cuia; (k + 1))

=D bi(k)si(k)+ > D> bi(k)s;(k)+ Y Cua(k)
i=1 izljeNr(k') i=1
= bi(k)si( +Z > bi(k)si(k) + Ca(k)
i=1 i=1 je N (k)
= Ca(k) + Y si(k)
i=1
Thus, the conclusion follows. [ |

Proof of Lemma 4: For the time-varying digraph G(k), we
define the binary adjacency matrix A(k) = [e;;(k)], where
eij(k) = 11if edge (j,¢) exists at time k, and e;; (k) = 0 oth-
erwise. Moreover, recall that s = [s1,--- , s, ]. Then it can be
concluded from (15) in the proof of Lemma 2 that

s'(k+1) = o[l + A(K)] s (R),
By repeatedly using (17), we know that for any ¥’ > &k > 0,
sT(K) = o F [T+ A(K' — )] [T+ A(K — 2)]
U+ AR (R)

a7

= 0" TR I+ AR) 4+ AR —1)] s (k). (18)
It then follows from (18) that
si(K') = 0" "s; (k) for any i. (19)

For any k > 0, we consider the sequence of graphs G(k),
Gk+1),...,G(k+ A) where A = (n — 1) K. Denote

Gn =G(k+ (m—-1)K,k+mK —1]) form=1,...,
In addition, we denote

Ay = Alk 4 (m —

n—1.

DEK) + -+ A(k +mK — 1),

which is the adjacency matrix of G,,. By Assumption 2 that
G(k) is jointly strongly connected, we know that Gy, ..., G, 1
are all strongly connected with the same node set. Then it is
clear that for any two nodes ¢ and 7, there exists a path 7 —
lyy—1 — -+l — ¢ of length m € {1,...,n— 1}, for which
edge (j,lm-1) € G(n-m)» - - -» edge (I2,11) € G(;,—9), and final
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edge (I1,i) € G(,,—1). It means by graph theory that the (i, j)-th

entry of the matrix product
0= [I + A\(nfl)][l + A\(n72)] t [I + A\(nfm)]

is positive. Then it follows from the inequality

sT(k+A)= 0" 0s" (k+ (n—m—1)K)
that
si(k+A) = 0" s;(k+ (n—m —1)K). (20)
Combining (19) and (20) leads to
si(k+ A) = o™ s;(k) for any i and j. 20

Looking at each component of s; and \;. Denote sj,; and \p;
as the h-th component of s; and A;, h € {1,--- ,m}. Denote

)\h* = [Ahl7 T 7)\hn]s Shx = [Shlu T 75hn]~F0rany k > 0’ let
i« € V be the node such that
Ani(k+ A+ 1) =min(A\,.(k+ A+ 1)). (22)
Then by (21), it follows that
i(k+A) .
snik) < %, Vie . 23)
Moreover,  since  Ai(k) + [>_;c v+ () @i (k) (A (k) = A

(k))]- is a convex combination of X;(k) and A;(k)(j €
N (k). we get

Ani (k)

>

JEN (k)

min

i () v () = i
je{i ; (k

Ani(k))| > Anj (k).

So by (9a), for any < € V and k& > 0, the following inequality
holds:

Ai(k+1) > min

Je{ifUN (k)
> min(A,.(k)) + € (k)spi (k)
> min(A,.(k)) + ospi(k).

Recalling (22) and replacing ¢ by i, and k by k + A in (24), we
obtain

Anj (k) + € (k)sni (k)

(24)

min(Ap.(k + A+ 1))
1%

—min(Ap.(k + A))

spi.(k+A) <

(25)
Plugging (25) into (23),

min(Ap.(k+ A+ 1)) — min(A,.(k + A))
oA

spi(k) <

Together with the fact h can be any value in {1,--- ,m}, the
conclusion is reached. |
Proof of Lemma 5:
1) By Lemma 2 and (24) it can be obtained that

Ai(k+ 1) = min(A(k)),

which implies that every entry of min(A(k)) is non-decreasing
with respect to k.



XU et al.: DISTRIBUTED ALGORITHM FOR RESOURCE ALLOCATION OVER DYNAMIC DIGRAPHS

2) Considerany h € {1,...,m}. Welet \;, be the h-th com-
ponent of X and let \,. be the h-th row vector of \. To
prove 2), suppose on the contrary that for some h and for
any ), there exists k such that

mln()\;,*(k)) > Xh.
Without loss of generality, we assume that the h-th row vector
of CisC, =[1) 0 ],n <n.

ny on—my =
Now we choose a particular A = ) such that

C;E?] > Ji(fi), Vi € [1, ,nl].

Then, together with the component-wise non-decreasing prop-
erty of min(\(k)), it follows that there exists a k( such that for
all k > ko,

CINi(k) > Cln> Ji(T), Vi€ 1, ,n].
Thus, by (9b), we have
a:l(k:) =7, Vi € [1,' .- ,Tl1] and Vk > k.

Recall from Remark 1 that dj, < C},,. T, where d}, is the h-th
component of d. So from the fact that

Ch*l'(k) + Zshz(k) - dhv
i=1
we attain

> sni(k) <0, VE > ko.

i=1

It follows from Lemma 2 that

Z Shi(k) > 0.
i=1
So the only possible case is that
(26)

We will show in the following that this is also not possible.
If (26) holds, then by the nonnegative properties of s;, it
follows that

spi(k) =0, Vi € Vand Vk > k.
Thus, from (9a), we know for all ¢ and for all & > kg,
)\},i(k‘ + 1) = /\}”‘(k)

+ > w®)nk) = Mak) |

JEN (k)

where \;; is the (h,i)-th entry of A. This implies A\;; (k) <
Ani(ko), Vk > ko, a contradiction to the assumption that
min(Ay.(k)) has no upper bound.
3) From 2), there exists a vector A € R” such that
min(A(k)) < A\. We let o := sup(min()\)). Then accord-
ing to the component-wise non-decreasing property in 1),
it follows that

klim min(A(k)) = o. |

[1]

[2]

[3]

[4]

[5]
[6

=

[7

—

[8

[t

[9

—

[10]

(11]

[12]

[13]

[14]

[15]
[16]

[17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

2611

REFERENCES

C. Zhao, J. He, P. Cheng, and J. Chen, “Consensus-based energy man-
agement in smart grid with transmission losses and directed commu-
nication,” IEEE Trans. Smart Grid, vol. PP, no. 99, pp. 1-13, doi:
10.1109/TSG.2015.2513772, preprint.

N. Rahbari-Asr, U. Ojha, Z. Zhang, and M. Chow, “Incremental wel-
fare consensus algorithm for cooperative distributed generation/demand
response in smart grid,” [EEE Trans. Smart Grid, vol. 5, no. 6,
pp- 2836-2845, Nov. 2014.

S. Yang, S. Tan, and J. Xu, “Consensus based approach for economic
dispatch problem in a smart grid,” IEEE Trans. Power Syst., vol. 28, no. 4,
pp. 44164426, Nov. 2013.

K. J. Morrisse, G. F. Solimini, and U. A. Khan, “Distributed control
schemes for wind-farm power regulation,” in Proc. North Amer. Power
Symp., Champaign, IL, USA, 2012, pp. 1-6.

A. J. Wood and B. E. Wollenberg. Power Generation, Operation, and
Control. Hoboken, NJ, USA: Wiley, 2012.

L. Xiao and S. Boyd, “Optimal scaling of a gradient method for distributed
resource allocation,” J. Optim. Theory Appl., vol. 129, no. 3, pp. 469488,
2006.

Z. Zhang and M. Chow, “Convergence analysis of the incremental cost
consensus algorithm under different communication network topologies
in a smart grid,” IEEE Trans. Power Syst., vol. 27, no. 4, pp. 1761-1768,
Nov. 2012.

S. Kar and G. Hug, “Distributed robust economic dispatch in power sys-
tems: A consensus+ innovations approach,” in Proc. Power Energy Soc.
Gen. Meeting, San Diego, CA, USA, 2012, pp. 1-8.

V. Loia and A. Vaccaro, “Decentralized economic dispatch in smart grids
by self-organizing dynamic agents,” IEEE Trans. Syst. Man, Cybern. Syst.,
vol. 44, no. 4, pp. 397-408, Apr. 2014.

H. Lim, V. Lam, M. Foo, and Y. Zeng, “An adaptive distributed resource
allocation scheme for sensor networks,” in Proc. 2nd Int. Conf. Mobile
Ad-hoc Sensor Netw., Hong Kong, 2006, pp. 770-781.

V. C. Gungor et al., “Smart grid technologies: Communication technolo-
gies and standards,” IEEE Trans. Ind. Informat., vol. 7,no. 4, pp. 151-164,
Nov. 2011.

E. Kranakis, D. Krizanc, and O. Morales, Maintaining Connectivity in
Sensor Networks Using Directional Antennae. Berlin, Germany: Springer,
2010.

A. D. Dominguez-Garcia, S. T. Cady, and C. N. Hadjicostis, “De-
centralized optimal dispatch of distributed energy resources,” in
Proc. 51st IEEE Conf. Decis. Control, Maui, HI, USA, 2012,
pp. 3688-3693.

H. Xing, Y. Mou, M. Fu, and Z. Lin, “Distributed bisection method for
economic power dispatch in smart grid,” IEEE Trans. Power Syst., vol. 30,
no. 6, pp. 3024-3035, Nov. 2015.

Y. C. Ho, L. D. Servi, and R. Suri, “A class of center-free resource allo-
cation algorithms,” Large Scale Syst., vol. 1, pp. 51-62, 1980.

S. H. Low and D. E. Lapsley, “Optimization flow control. I. Basic
algorithm and convergence,” IEEE/ACM Trans. Netw., vol. 7, no. 6,
pp. 861-874, Dec. 1999.

D. P. Palomar and M. Chiang, “A tutorial on decomposition methods for
network utility maximization,” IEEE J. Sel. Areas Commun., vol. 24, no. 8,
pp. 1439-1451, Aug. 2006.

B. Johansson, P. Soldati, and M. Johansson, “A tutorial on decomposition
methods for network utility maximization,” IEEE J. Sel. Aeras Commun.,
vol. 24, no. 8, pp. 1535-1547, Aug. 2006.

B. Johansson and M. Johansson, ‘“Distributed non-smooth resource alloca-
tion over a network,” in Proc. 48th IEEE Conf. Decis. Control, Shanghai,
China, 2009, pp. 1678-1683.

H. Lakshmanan and D. P. de Farias, ‘“Decentralized resource allocation in
dynamic networks of agents,” SIAM J. Optim., vol. 19, no. 2, pp. 911-940,
2008.

A. Cherukuri, S. Martinez, and J. Cortes, “Distributed, any-
time optimization in power-generator networks for economic dis-
patch,” in Proc. Amer. Control Conf., Portland, OR, USA, 2014,
pp. 172-177.

T.-H. Chang, A. Nedic, and A. Scaglione, “Distributed constrained op-
timization by consensus-based primal-dual perturbation method,” /IEEE
Trans. Autom. Control, vol. 59, no. 6, pp. 1524-1538, Jun. 2014.

T.-H. Chang, M. Hong, and X. Wang, “Multi-agent distributed optimiza-
tion via inexact consensus ADMM,” IEEE Trans. Signal Process., vol. 63,
no. 2, pp. 482-497, Jan. 2015.

T.-H. Chang, “A proximal dual consensus ADMM method for multi-agent
constrained optimization,” IEEE Trans. Signal Process., vol. 64, no. 14,
pp- 3719-3734, Jul. 2016.

A. Nedic and A. Ozdaglar, “Distributed subgradient methods for multi-
agent optimization,” IEEE Trans. Autom. Control, vol. 54,no. 1, pp. 4861,
Jan. 2009.



2612

[26] D. Jakovetic, J. Xavier, and J. M. F. Moura, “Fast distributed gradient
methods,” IEEE Trans. Autom. Control, vol. 59, no. 5, pp. 1131-1146,
May. 2014.

[27] M. Zhu and S. Martinez, “On distributed convex optimization under in-
equality and equality constraints,” IEEE Trans. Autom. Control, vol. 57,
no. 1, pp. 151-164, Jan. 2012.

[28] J. C. Duchi, A. Agarwal, and M. J. Wainwright, “Dual averaging for dis-

tributed optimization: Convergence analysis and network scaling,” IEEE

Trans. Autom. Control, vol. 57, no. 3, pp. 592-606, Mar. 2012.

A. Nedic and A. Olshevsky, “Distributed optimization over time-varying

directed graphs,” IEEE Trans. Autom. Control, vol. 60, no. 3, pp. 601-615,

Mar. 2015.

K. I. Tsianos, S. Lawlor, and M. G. Rabbat, “Push-sum distributed dual

averaging for convex optimization,” in Proc. IEEE Conf. Decis. Control,

2012, pp. 5453-5458.

K. Cai and H. Ishii, “Average consensus on arbitrary strongly connected

digraphs with time-varying topologies,” IEEE Trans. Autom. Control,

vol. 59, no. 4, pp. 1066-1071, Apr. 2014.

[32] D.P.Bertsekas. Constrained Optimization and Lagrange Multiplier Meth-

ods. Belmont, MA, USA: Athena Scientific, 1996.

K. Cai and H. Ishii, “Quantized consensus and averaging on gossip di-

graphs,” IEEE Trans. Autom. Control, vol. 56, no. 9, pp. 2087-2100,

Sep. 2011.

[34] P.Samadi, H. Mohsenian-Rad, R. Schober, and V. W. S. Wong, “Advanced
demand side management for the future smart grid using mechanism
design,” IEEE Trans. Smart Grid, vol. 3, no. 3, pp. 1170-1180, Sep. 2012.

[29]

[30]

[31]

[33]

Yun Xu received the Bachelor’s degree from the Col-
lege of Biomedical Engineering and Instrument Sci-
ence, Zhejiang University, Hangzhou, China, in 2010
and the Master’s degree from the College of Automa-
tion Engineering, University of Electronic Science
and Technology of China, Chengdu, China. He is
currently working toward the Ph.D. degree in con-
trol theory and control engineering in the College
of Electrical Engineering, Zhejiang University. His
research interests include consensus and distributed
optimization.

Tingrui Han received the Bachelor’s degree in
automation from Zhejiang University, Hangzhou,
China, in 2012. He is currently working toward
the Ph.D. degree in control theory and control en-
gineering in the College of Electrical Engineering,
Zhejiang University. His research interests include
multiagent systems, networked control, and dis-
tributed algorithms.

Kai Cai received the B.Eng. degree in electrical engi-
neering from Zhejiang University, Hangzhou, China,
in 2006, the M.A.Sc. degree in electrical and com-
puter engineering from the University of Toronto,
Toronto, ON, Canada, in 2008, and the Ph.D. degree
in systems science from Tokyo Institute of Technol-
ogy, Tokyo, Japan, in 2011. He is currently an As-
sociate Professor in Osaka City University, Osaka,
Japan; preceding this position, he was an Assistant
Professor in the University of Tokyo, in 2013 and
2014, and a Postdoctoral Fellow in the University of
Toronto, from 2011 to 2013. His research interests include distributed control of
multiagent systems, distributed control of discrete-event systems, and control
architecture of complex networked systems.

e

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 65, NO. 10, MAY 15, 2017

Zhiyun Lin (SM’10) received the Bachelor’s degree
in electrical engineering from Yanshan University,
Qinhuangdao, China, in 1998, the Master’s degree
in electrical engineering from Zhejiang University,
Hangzhou, China, in 2001, and the Ph.D. degree in
electrical and computer engineering from the Uni-
versity of Toronto, Toronto, ON, Canada, 2005. He
is currently a Professor in the School of Automa-
tion, Hangzhou Dianzi University, Hangzhou, China.
Preceding to this position, he held a Professor posi-
tion at Zhejiang University from 2007 to 2016, and a
Postdoctoral Fellow position at the University of Toronto, from 2005 to 2007.
His research interests include distributed control, estimation and optimization,
cooperative control of multiagent systems, hybrid control system theory, and
robotics.

Gangfeng Yan received the Bachelor and Master de-
grees in control theory and control engineering from
Zhejiang University, Hangzhou,China, in 1981 and
1984, respectively. He is currently a Professor in the
College of Electrical Engineering, Zhejiang Univer-
sity. His research interests include hybrid systems,
neural networks, and cooperative control.

Minyue Fu (F’03) received the Bachelor’s degree
in electrical engineering from the University of Sci-
ence and Technology of China, Hefei, China, in 1982,
and the M.S. and Ph.D. degrees in electrical engi-
neering from the University of Wisconsin-Madison,
Madison, WI, USA, in 1983 and 1987, respectively.
From 1987 to 1989, he served as an Assistant Pro-
fessor in the Department of Electrical and Computer
Engineering, Wayne State University, Detroit, MI,
USA. He joined the Department of Electrical and
Computer Engineering, the University of Newcastle,
Australia, in 1989. He is currently a Chair Professor in electrical engineering.
He was a Visiting Associate Professor at the University of Iowa during 1995—
1996, a Senior Fellow/Visiting Professor at Nanyang Technological University,
Singapore, 2002, and a visiting Professor at Tokyo University in 2003. He has
held a ChangJiang Visiting Professorship at Shandong University, a visiting
Professorship at South China University of Technology, and a Qian-ren Pro-
fessorship at Zhejiang University in China. His main research interests include
control systems, signal processing and communications. His current research
projects include networked control systems, smart electricity networks, and
super-precision positioning control systems. He has been an Associate Edi-
tor for the IEEE TRANSACTIONS ON AUTOMATIC CONTROL, Automatica, IEEE
TRANSACTIONS ON SIGNAL PROCESSING, and Journal of Optimization and En-
gineering.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


