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Similar Formation
In 2D

Complex Laplacian matrix of directed graph
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Multi-agent system

a system of n interacting agents
is modeled by graph G = (V, &)

node v; € V: an agent
edge (vj,v;) € £: agent j sends
information to v;

example:

o




2D formation problem

agents are moving on a 2D plane

agent v;’s position is x; € C




2D formation problem

each agent v; updates its state based on
x; = u;, x5,u; €C




2D formation problem

each agent v; updates its state based on
x; = u;, x5,u; €C

target Conﬁguratlon

E=[1 e 5T &5 3T




2D formation problem

each agent v; updates its state based on
x; = u;, x5,u; €C

target configuration:

£ =1 e Tl e oF) eSTWj]T

¢’ is similar
to &




2D formation problem

each agent v; updates its state based on
x; = u;, x5,u; €C

2D similar formation: design input u;

s.t. (Vx;(0))(Fe, € C) x(t) = cl + ¢

¢’ is similar
to &




Formation constraint

target configuration:
27 ; 47 : 6 : 8 :
=11 e3) es) esd esl|!

3 — &4 = 1.1756]
s — &4 = 1.118 — 0.3633]

§3T§4
o ?\’55—54

a45

example:

o

o



Formation constraint

target configuration:

27 @ 47 . 67 : 87 ¢
=11 e3) es) esd esl|!
formation constraint:

a43(£3 — 54) a45(§5 — 54) =0

&3 — &4
a43(&3 — &4) a45(&5 — &4)
example: a4; 56— &y
ACL45

o

o



Formation constraint

target configuration:

27 @ 47 . 67 : 87 ¢
=11 e3) es) esd esl|!
formation constraint:

CL43(€3 — 54) CL45(§5 — 54) =0
43 = ggi& e(ﬂ_lg?’_g‘*.)j
Qs = £5i£4 e(—Z§5—§4)J
as3(§3 — &a) as5(&s — &a)
example: a4; O g
ACL45

o

o



Formation constraint

target configuration:

27 @ 47 . 67 : 87 ¢
=11 e3) es) esd esl|!
formation constraint:

a43(§3 — €4) + aa5(&5 — 1) = 0
D ien, @4j(§5 — &) =0

as3(&s —&a)  aus(&5 — &a)
" N

A
a45

example:

o

o



Formation constraint

target configuration:

27 @ 47 . 67 : 87 ¢
=11 e3) es) esd esl|!
formation constraint:

Vi=1,...,n) ZjENZ- a;;i(§E5—&) =0

LE =0
ag3(€3 —&4)  aa5(&s — Ea)
example: < > S O g

a45

O .
< > < >




Complex Laplacian

complex adjacency matrix:

A = |a;;)
I 0 0 0 0 0
0 0 0 0 0
= |—0.5—0.1625] 0.809 — 0.2629; 0 0 0
0 0 0.8507j 0 0.809 + 0.2629j
| —0.5 + 0.6882] —0.5257; 0 0 0

complex degree matrix:

D = diag(A1)

complex Laplacian:

L=D-A (L1 = 0)
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Complex Laplacian

target configuration:
27 ; 47 : 6 : 8 :
=11 e3) es) esd esl|!

complex Laplacian:

0 0 0 0 0
0 0 0 0 0
L= |-05-0.1625 0.809 —0.2629] —0.309 + 0.4253;] 0 0
0 0 0.8507j —0.809 — 1.1135]  0.809 + 0.2629]
| —0.5 + 0.6882] —0.5257j 0 0 0.5 — 0.1625] |

LE=0
= rank(L) < 3

L1=0

rank(L) = 3(7)
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Distributed algorithm

each agent v; updates its state based on
x; = u;, x5,u; €C
distributed algorithm:
i.Ez' — U; — Zjé]\fi Gﬂ,;j(fj — mz)

relative state
information

(encoding target
configuration)

19



Distributed algorithm

each agent v; updates its state based on
x; = u;, x5,u; €C
distributed algorithm:

i.Ez' — U; — ZjENi aq;j(xj — ZEZ)

r = —Lx
0 0 0 0 0
0 0 0 0 0
L= 1]-0.5-0.1625] 0.809 —0.2629; —0.309 + 0.4253; 0 0
0 0 0.8507] ~0.809 — 1.1135j 0.809 + 0.2629j
| 0.5 + 0.6882] —0.5257] 0 0 0.5 —0.1625 |

20



Example

simulation: x1(0) = 0.98 4 0.49;
r2(0) = 0.16 + 0.34j, z3(0) = 0.11 4 0.95j
24(0) = 0.37 4 0.923, 25(0) = 0.2 + 0.05]

X: start
o: end

21



Example

r = —Lx
[ 0 0 0 0 0
0 0 0 0 0
L=|-0.5-0.1625] 0.809 —0.2629; —0.309 + 0.4253j 0 0
0 0 0.8507] —0.809 — 1.1135]  0.809 + 0.2629;
| —0.5 + 0.6882] —0.5257] 0 0 0.5 — 0.1625j

eigenvalues of —L:

0,0, —0.5 + 0.16j,0.31 — 0.43j,0.81 + 1.11]

design invertible diagonal matrix E
s.t. nonzero eigenvalues of —F L
have negative real parts
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Distributed algorithm

each agent v; updates its state based on
x; = u;, x5,u; €C
distributed algorithm:

T, = U; = ZjENi Ef,;CLZ'j(ZIZ'j — 5137;), €, Qij € C

(ensuring stability) (encoding target
configuration)

it = —FLx, where E = diag(eq,...,€,)

24



Example

r=—FLx

0 0 0 0 0
0 0 0 0 0
L=|-05-0.1625] 0.809 — 0.2629j [ —0.309 + 0.4253] 0 0
0 0 0.8507 —0.809 — 1.1135j  0.809 4 0.2629;
—0.5+0.6882j  —0.5257] 0 0 0.5 — 0.1625;
M =X =0
—0.309 + 0.4253; 0 0 ]
L= 0.8507i —0.809 — 1.1135] 0.809 + 0.2629]
_ 0 0 0.5 — 0.1625]
3 0 0]
design £/ = |0 €4 0] s.t. all eigenvalues of —E’L’ are stable
0 0 €5

equivalently, all eigenvalues of E’L’ have positive real parts

()\37 )\47 )\5)

26




Example

L}
—0.309 + 0.4253; 0 0 ]
L= 0.8507] —0.809 — 1.1135]  0.809 + 0.2629]
_ 0 0 0.5—0.1625)
/ i
Firgl o o
design £/ = [0 €4 0| s.t. all eigenvalues of —FE’L’ are stable
0 0 €5

equivalently, all eigenvalues of E’L’ have positive real parts

(P3{ g, As)
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Example
det(EiL’l) — )\3
det(FE7) det(L}) = A3

63[1 — )\3
L}
—0.309 + 0.4253; 0 0 ]
L= 0.8507] —0.809 — 1.1135]  0.809 + 0.2629]
_ 0 0 0.5—0.1625)
/ i
Firgl o o
design £/ = [0 €4 0| s.t. all eigenvalues of —FE’L’ are stable
0 0 €5

equivalently, all eigenvalues of E’L’ have positive real parts

(P3{ g, As)

28



Example
det(FE1L}) = A3
det(FE7) det(L}) = A3
esli = A3
choose €3 s.t. A3 = €3l has positive real part

e.g. €3 = ﬁe—iﬁl — —1.1181 — 1.53809;

set )\3 = 63[1 =3

L}
—0.309 + 0.4253; 0 0 ]
L= 0.8507; —0.809 — 1.1135]  0.809 + 0.2629]
_ 0 0 0.5—0.1625)
/ i
Firgl o o
design £/ = [0 €4 0| s.t. all eigenvalues of —FE’L’ are stable
0 0 €5

equivalently, all eigenvalues of E’L’ have positive real parts

(P3{ g, As)
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Example

L
[—0.309 + 0.4253; 0 0 ]
L= 0.8507i —0.809 — 1.1135j | 0.809 + 0.2629;
_ 0 0 0.5—0.1625)
/ i
Eales 01 o
design £/ = [0 e4| 0| s.t. all eigenvalues of —FE’L’ are stable
0 0 €5

equivalently, all eigenvalues of E’L’ have positive real parts

(>\37 )\47 )\5)
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Example
det(ELLL) = A3

det(F5) det(L5) = A3\
6364[2 — )\3)\4

—0.309 4 0.4253; 0
[o = det : | =0.72
2= 5 [ 0.8507] —0.809 — 1.1135J] 0-7236
L
[—0.309 + 0.4253; 0 0 ]
L= 0.8507; —0.809 — 1.1135j | 0.809 + 0.2629;
_ 0 0 0.5—0.1625)
/ i
Eaes 0] o
design £/ = |0 e4| 0] s.t. all eigenvalues of —E’L’ are stable
0 0 65_

equivalently, all eigenvalues of E’L’ have positive real parts

(>\37 >\47 )\5)
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Example
det(EéL’Q) — )\3)\4
det(F5) det(L5) = A3\
6364[2 — )\3)\4

choose €4 S.t. Ay = % has positive real part
eglo

e.g. €4 =ee 33 = 0.1(—0.5878 + 0.809j)
set Ay = €582 — 0.1376

L
[—0.309 + 0.4253; 0 0 ]
L= 0.8507i —0.809 — 1.1135j | 0.809 + 0.2629;
_ 0 0 0.5—0.1625)
/ i
Eales 01 o
design £/ = [0 e4| 0| s.t. all eigenvalues of —FE’L’ are stable
0 0 €5

equivalently, all eigenvalues of E’L’ have positive real parts

(>\37 >\47 )\5)
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Example

—0.309 + 0.4253] 0 0
- 0.8507] —0.809 — 1.1135) 0.809 + 0.2629]|
0 0 0.5 — 0.1625;
€3 0 0
design £/ = |0 €4 0|| s.t. all eigenvalues of —E’L’ are stable
0 0 €5L

equivalently, all eigenvalues of E’L’ have positive real parts

(>\37 )\47 )\5)
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Example
det(E’L’) — )\3)\4)\5
det(E’) det(L’) — )\3)\4)\5
€3€4€5l — )\3)\4)\5

[ = det(L') = 0.3618 — 0.1176;

—0.309 + 0.4253] 0 0
- 0.8507] —0.809 — 1.1135) 0.809 + 0.2629]|
0 0 0.5 — 0.1625;
€3 0 0
design £/ = |0 €4 0|| s.t. all eigenvalues of —E’L’ are stable
0 0 €5L

equivalently, all eigenvalues of E’L’ have positive real parts

(>\37 )\47 )\5)
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Example
det(E’L’) — )\3)\4)\5
det(E’) det(L’) — )\3)\4)\5
€3€4€5l — )\3)\4)\5

choose ex s.t. \r = 84l }199 nositive real part
5 5 DYDY p p
€4€3!3

e.g. €5 = e 17 3axs = (.1(0.951 + 0.3091;)
set \s ;= S&8ls — () 0526

Ag A3
[—0.309 + 0.4253; 0 0 |
L= 0.8507i —0.809 — 1.1135] 0.809 + 0.2629]
0 0 0.5 — 0.1625]
€3 0 0
design £/ = [0 €4 Of| s.t. all eigenvalues of —FE’L’ are stable
0 0 €5L

equivalently, all eigenvalues of E’L’ have positive real parts

(>\37 )\47 )\5)
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Example

' —0.309 4 0.4253]
L = 0.8507]
0

_63 0 0
E/ = 0 €4 0
_O 0 65_
—1.1181 — 1.5389j
= 0
0

0
—0.809 — 1.1135;
0

0
—0.0588 + 0.0809]
0

0
0.809 4 0.2629j
0.5 — 0.1625] |

0
0
0.0951 + 0.0309; |

eigenvalues of E'L’: 1,0.1376,0.0526
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Example

—0.309 + 0.4253; 0 0
L = 0.8507] —0.809 — 1.1135]  0.809 4+ 0.2629;
i 0 0 0.5 —0.1625)
3 0 O]
E/ = 0 €4 0
_O 0 65_
—1.1181 — 1.5389; 0 0 ]
= 0 —0.0588 + 0.0809; 0
I 0 0 0.0951 + 0.0309j

eigenvalues of E'L’: 1,0.1376,0.0526

eigenvalues of —E'L’: —1,—-0.1376, —0.0526
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€T —
i 0
0
L= ]-0.5—-0.1625j
0
_—0.5 + 0.6882]
€1 0 0
0 €2 0
E = 0 0 €3
O 0 O
0 0 O
0.1 O
0 0.1
= 0
0 0
0 0

Example

—FELx

0
0
—0.309 + 0.4253]
0.8507]
0

0
0
0

0
0
0
—0.809 — 1.1135j
0

—0.0588 + 0.0809;

0
0
0.809 — 0.2629j
0
—0.5257]
0 O]
0O O
0O O
€4 0
0 65_
0
0
—1.1181 — 1.5389;
0
0

0

0.0951 + 0.0309;)

0

0

0
0.809 -+ 0.2629j
0.5 — 0.1625] |

o O O

0

eigenvalues of —FL: 0,0,—1,—0.1376, —0.0526

38



Example

simulation: x1(0) = 0.98 4 0.49;
r2(0) = 0.16 + 0.34j, z3(0) = 0.11 4 0.95j
24(0) = 0.37 4 0.923, 25(0) = 0.2 + 0.05]

X: start
o: end

39



Fact
i = —FELx

If G contains a spanning 2-tree
and £ generic (no 3 points on same line)

then E exists s.t. n — 2 nonzero
eigenvalues of —FE L are stable

[Friedland, 1975]

global computation (need L)

40



Generalization

a system of n interacting agents

is modeled by graph G = (V, &)

each agent v; updates its state based on
x; = u;, iU €C
target configuration & = [ ---&,]"

Problem: design u; to update x;

s.t. (Vv; € V)(Vz;(0))(de, ¢ € C)

lim z(t) = ¢l + '€

{— 00




Generalization

a system of n interacting agents

is modeled by graph G = (V, )

each agent v; updates its state based on
x; = u;, iU €C

target configuration & = [ ---&,]"

similar formation set

S(€) ={¢ : (3, € C)f' = cl 4 ¢}

Problem: design u; to update x;

(Vz(0) € C")(3¢" € §(§)) lim x(t) = ¢

t— 00




Generalization
a system of n interacting agents
is modeled by graph G = (V, &)

each agent v; updates its state based on
x; = u;, iU €C
target configuration & = [ ---&,]"

Distributed algorithm

T, = U; = € ZjENi CLf,;j(.CEj — 337;), €, Qi € ®
where ) .\ a;j(§ — &) =0

based on z;(t) — x;(t), & — &;

from neighbor agent(s) j € N; 15



Generalization
a system of n interacting agents
is modeled by graph G = (V, &)

each agent v; updates its state based on
x; = u;, iU €C
target configuration & = [ ---&,]"

t = —FELx, where E = diag(eq,...,€,)

L1=0
LE=0
ker(L) D S(&) ={¢: (de,d € CO)¢ =1+ &}



Theorem

a system of n interacting agents
is modeled by graph G = (V, )

each agent v; updates its state based on
x; = u;, iU €C

target configuration & = [ ---&,]"

if £ 1s generic and G contains

a spanning 2-tree

then rank(L) = n — 2 and ker(L) = S(&)

and there exists E s.t. n — 2 nonzero

eigenvalues of —FE L are stable -



Theorem

a system of n interacting agents

is modeled by graph G = (V, )

each agent v; updates its state based on
x; = u;, iU €C

target configuration & = [ ---&,]"

if £ 1s generic and G contains

a spanning 2-tree

then there exists F/ s.t. ©+ = —E Lx

solves 2D formation problem

(Vz(0) € C™)(FE' € S(&)) lim z(t) =&

t— 00 18



Example

example:

weighted graph ¢ 0\

N

) 4

spanning 2-tree (7)

generic configuration (7)
£=11 esd eI e5d e3]T

19



Example
r=—FLx

complex Laplacian matrix

0 0 0 0 0
0 0 0 0 0
L= |-0.5-0.1625; 0.809 —0.2629; —0.309 + 0.4253j 0 0
0 0 0.8507] —0.809 — 1.1135) 0.809 + 0.2629]
| —0.5 + 0.6882] —0.5257] 0 0 0.5 —0.1625) |

rank(L) — 37 )\1 — O,Ul — ]-7 )\2 — 07/02 :g

so ker(L) = S§(&)

20



Example
r=—FLx

complex Laplacian matrix

0 0 0 0 0
0 0 0 0 0
L= |-0.5-0.1625; 0.809 —0.2629; —0.309 + 0.4253j 0 0
0 0 0.8507] —0.809 — 1.1135) 0.809 + 0.2629]
| —0.5 + 0.6882] —0.5257] 0 0 0.5 —0.1625) |

stabilizing diagonal matrix

0.1 0 0 0 0 |
0 0.1 0 0 0
E=]10 0 —1.1181—1.5389j 0 0
0 0 0 —0.0588 + 0.0809; 0

0 0 0 0 0.0951 + 0.0309; |

s.t. eigenvalues of —FL: 0,0,—1,—-0.1376, —0.0526
note: ker(—FEL) = ker(L) = S§(&) 21



r=—FLx

Example

r(t) = e Fliy
—1

0t

= |v1 v v3 V4 V5]

— [Ul V9o V3 U4 U5]

(0)

O O O = O

o O O O O

eVJV tw(O)

VetV —12(0)

e—0.1376t

o O O O O

0
0

0

o O O O O

0 | [w{]
0 Wy
0 w4 | 2(0)
0 w,
o= 0:0526¢ | |, T
_w]__
wy
ws | 2(0), as t — o0
wy
w;‘ 24




T

Example

— —FLx
x(t) =

e~ ELiz(0)

eVJV—ltx.(O)

VeltV—12(0)

— [Ul V2 V3 V4 U5]

— VW, X

= (

-

wy 2(0))1 + (wy 2(0))€

(0)

eOt

oo oo
coo o
o
A

T
_|_ UQwQ X

e—0.1376t

(0)

0
0
0

0

0
0 Wy
0

0 w,
o—0.05261 T

25



Example
r=—FLx

if nonzero eigenvalues of —F L are stable
then x(t) — ker(—FEL) as t — o0

26



Theorem

a system of n interacting agents

is modeled by graph G = (V, )

each agent v; updates its state based on
x; = u;, iU €C

target configuration & = [ ---&,]"

if £ 1s generic and G contains

a spanning 2-tree

then there exists F/ s.t. ©+ = —E Lx

solves 2D formation problem

(Vz(0) € C™)(FE' € S(&)) lim z(t) =&

t— 00 27



Theorem
Proof:

if £ 1s generic and G contains a spanning
2-tree, find a diagonal matrix F s.t.

r = — I/ Lz solves 2D formation
(i) rank(L) =n — 2 and ker(L) = §(&)

hint: L1 = L =0 = rank(L) < n — 2
spanning 2-tree = rank(L) > n — 2

28



Theorem
Proof:

if £ 1s generic and G contains a spanning
2-tree, find a diagonal matrix F s.t.

r = —F Lx solves 2D formation

(ii)) —F'L has two zero eigenvalues

and ker(—FEL) = ker(L) = S(§)

hint: rank(FE) = n = rank(F L) = rank(L)

29



Theorem
Proof:

if £ 1s generic and G contains a spanning
2-tree, find a diagonal matrix F s.t.
r = —FE Lx solves 2D formation

(iii) n — 2 nonzero eigenvalues of —F L
have negative real parts, i.e. stable

hint: ¢ contains a spanning 2-tree
and & generic =

E exists s.t. n — 2 nonzero
eigenvalues of —FE L are stable
[Friedland, 1975] 30



Theorem
Proof:

if £ 1s generic and G contains a spanning
2-tree, find a diagonal matrix F s.t.

r = —F Lx solves 2D formation
(iv) z(t) = ker(—EL) = S(£)

31



Example

15 networked agents

digraph G contains a spanning 2-tree

32



Example

15 networked agents

generic configuration:

27 4m; 6wy 8w; 10w; 12wy 14w 16w 18w i 20w ;s 22w s 24w; 26wy 287 5
,g: [1 e%-] el_gJ e%-] e%J 81—ng el—ng el—gr-] el—.'s7rJ el—ng el—grj el—ng el—gr-] el—.';n'J el—ng ]T




Example

15 networked agents

34



