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Graph theory:
basic concepts



Graph
graph G = (V, €)

node set V =A{vy,...,u,}
edge set £ = {(vi,v;),...}

example: o
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Directed, undirected

generally G = (V, £) is directed
(directed graph, or digraph)

G = (V, &) is undirected if
(sz-,vj ~ V)(Ui,?}j) cé = (Uj,?]i) c &
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Directed, undirected

generally G = (V, £) is directed
(directed graph, or digraph)

G = (V, &) is undirected if
(sz-,vj - V)(Ui,?}j) cfé = (Uj,?]i) c &
example:
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Subgraph

graph G = (V, &)
graph G’ = (V’,&’) is a subgraph of G
if V' CVand & C€E

example:
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Spanning subgraph

subgraph G' = (V',&") of G = (V, &)
if V =Vand £ C&

example:
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Spanning subgraph

subgraph G' = (V',&") of G = (V, &)
if V =Vand £ C&

example:
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Induced subgraph

graph G = (V,E) and ) AV CV
induced Subgraph by V' is
G =W, =EnNnV x V)

example: V' ={1,2,3,4}
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Induced subgraph

graph G = (V,E) and ) AV CV
induced Subgraph by V' is
G =W, =EnNnV x V)

example: V' ={1,2,3,4}
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Neighbor
graph G = (V, &) and node v € V

neighbor set of v is

Ny ={u eV | (u,v) € &}

example:
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Neighbor
graph G = (V,£) and node v € V

out-neighbor set of v is

N ={ueV|(v,u) €&}

example:

SN?
;

O 0
5 p

G N§

12



Degree

graph G = (V,€) and node v € V
degree of v is d, = | Ny
(| - |: number of elements in the set)

example:
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Degree

graph G = (V,€) and node v € V
out-degree of v is d° = |N?]

example:
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Balanced graphs

graph G = (V, &)
node v € V is balanced it d,, = d?

example:
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Balanced graphs

graph G = (V, €)
node v € V is balanced it d,, = d?

G is balanced if every v is balanced
(all undirected graphs are balanced)

example:
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Graph theory:
connectivity



Path
graph G = (V, &)

a path in G is a sequence of nodes
Vvg v (k> 1)
s.t. (vj,v01) € E fori e |1,k — 1]

example:
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Path

graph G = (V, €)
a path in ¢

Vvg v (k> 1)

has length £ — 1

example:
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Path
graph G = (V, &)

V1V9 -+ - U 1S a path from vy to vy
if v1 = Vg, V1Vy - - -V 1S a cycle

example:
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Reachability

graph G = (V, &), two nodes v;,v; € V
v; 1s reachable from v, it
there 1s a path from v; to v;

example:
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Reachability

graph G = (V, &), two nodes v;,v; € V

every node is reachable from itself

example:
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Strongly connected
graph G = (V, £) is strongly connected

if (Vv;,v; € V) v; is reachable from v

example:
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Strongly connected
graph G = (V, £) is strongly connected

if (Vv;,v; € V) v; is reachable from v

example:
© o o
O
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Root
graph G = (V, &)

node v € V is a root if
every node is reachable from v

example:
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Root
graph G = (V, &)

G is strongly connected iff
all nodes are roots

example:
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Spanning tree

graph G = (V,€) and root r € V
a spanning subgraph G’ = (V,£’) is
a spanning tree with root r if

1) r has no neighbor, i.e. N, = ()
2) every v € V \ {r} has one neighbor

N 2 2
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Spanning tree

graph G = (V,€) and root r € V
a spanning subgraph G’ = (V,£’) is
a spanning tree with root r if

1) r has no neighbor, i.e. N, = ()
2) every v € V \ {r} has one neighbor

example /e /a
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Spanning tree

graph G = (V, £) contains a spanning
tree if there exists a subgraph of G
that is a spanning tree

example:
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Spanning tree
graph G = (V, €)

G is strongly connected

\

G contains a spanning tree
example:
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Spanning tree
graph G = (V, €)

G is strongly connected

\

G contains a spanning tree

example:
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O
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Strong component

graph G = (V,€) and ) # V' CV
induced subgraph G’ = (V',£’) is a
strong component of G if

G’ is a maximally strongly connected
induced subgraph of ¢

example:
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Strong component

graph G = (V,€) and ) # V' CV
induced subgraph G’ = (V',£’) is a
strong component of G if

G’ is a maximally strongly connected
induced subgraph of ¢

example: O
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Strong component

graph G = (V,€) and ) # V' CV
induced subgraph G’ = (V',£’) is a
strong component of G if

G’ is a maximally strongly connected
induced subgraph of ¢

A

example:
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Strong component

graph G = (V, £) may have multiple
strong components

Let G1 = (V1,&1), G2 = (V2, &)
be two strong components of G

either Vi = V5, & = &
or ViNVa=0,E1NE =10

example: e °
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Closed strong component
graph G = (V, €)
strong component G’ = (V', &)

G’ is closed if every node in V' is
not reachable from any node in V \ V'

example:
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Fact
graph G = (V, &)

G contains a spanning tree iff
G contains a unique closed

strong component
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Fact
graph G = (V, &)

G contains a spanning tree iff

g contains a unique closed
strong component

example:




Fact
graph G = (V, &)

G contains a spanning tree iff

g contains a unique closed
strong component

example:




2-reachability

graph G = (V,€)
R ={r1,r2} CV is a subset of 2 nodes

node v € V \ R is 2-reachable from R
it v 1s still reachable from a node in R

after removing an arbitrary node (not v)

example:
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2-reachability

graph G = (V,€)
R ={r1,r2} CV is a subset of 2 nodes

node v € V \ R is 2-reachable from R
it v 1s still reachable from a node in R

after removing an arbitrary node (not v)
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g\e 0

example:
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k-reachability

graph G = (V, &)
R C V is a subset of k nodes (k > 2)
node v € V \ R is k-reachable from R

if v 1s still reachable from a node in R
after removing arbitrary k& — 1 nodes

o
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k-reachability

graph G = (V, &)
R C V is a subset of k nodes (k > 2)
node v € V \ R is k-reachable from R

if v 1s still reachable from a node in R
after removing arbitrary k& — 1 nodes

example:

/9 ’? 2

o
gg\e 0

) 4
G4 0o—0



2-root set

graph G = (V,€)
R =A{ry,r2} CVis a 2-root set

if every node v € V \ R is
2-reachable from R

example: o /a
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k-root set

graph G = (V,€)
R =A{r1,...,r} CVis a k-root set

if every node v € V \ R is
k-reachable from R

example:




Spanning 2-tree

graph G = (V, &) and 2-root set R C V
a spanning subgraph G’ = (V,£’) is
a spanning 2-tree with R if

1) every r; € R has no neighbor
2) every v € V \ R has 2 neighbors

/9 2
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Spanning 2-tree

graph G = (V, &) and 2-root set R C V
a spanning subgraph G’ = (V,£’) is
a spanning 2-tree with R if

1) every r; € R has no neighbor
2) every v € V \ R has 2 neighbors

W

example:




Spanning 2-tree

graph G = (V, £) contains a spanning
2-tree if there exists a subdigraph
of G that is a spanning 2-tree

example: o
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Spanning 2-tree

graph G = (V, £) contains a spanning
with 2-root set R = {r{, 72}
Remove one node r; € 'R tfrom ¢

induced subgraph of G by V \ {r;}

contains a spanning tree

example: o o
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Spanning 2-tree

graph G = (V, £) contains a spanning
with 2-root set R = {r{, 72}
Remove one node r; € 'R tfrom ¢

induced subgraph of G by V \ {r;}

contains a spanning tree

%

example:

[,

°37



Spanning k-tree

graph G = (V, &) and k-root set R C V
a spanning subgraph G’ = (V,£’) is
a spanning k-tree with R if

1) every r; € R has no neighbor
2) every v € V \ R has k neighbors

2N
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example:
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Spanning k-tree

graph G = (V, &) and k-root set R C V
a spanning subgraph G’ = (V,£’) is
a spanning k-tree with R if

1) every r; € R has no neighbor
2) every v € V \ R has k neighbors

example:

A
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Spanning k-tree

graph G = (V, £) contains a spanning
k-tree if there exists a subdigraph
of G that is a spanning k-tree
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Spanning k-tree

graph G = (V, £) contains a spanning
with k-root set R = {rq,...,rg}
Remove one node r; € 'R tfrom ¢

induced subgraph of G by V \ {r;}

contains a spanning (k — 1)-tree
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Spanning k-tree

graph G = (V, £) contains a spanning
with k-root set R = {rq,...,rg}

Remove one node r; € 'R tfrom ¢
induced subgraph of G by V \ {r;}

contains a spanning (k — 1)-tree

example:
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Graph theory:
matrices



Weighted graph

graph G = (V, )
node set V = {U17 . Un}
edge set £ = {(Uz,?{y) -

edge (v;,v;) has weight a;;

example:

11



Weighted graph
weighted graph G = (V, £)

convention:
o (Vie[l,n|)(v;,v;) ¢V
® Weight Qj; = 0 ift edge (Uz'a Uj) g V

example:
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Weighted degree
weighted graph G = (V, £)

edge (v;,v;) has weight a;

weighted degree of vj is dy; = >, nr. a5

example:
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Weighted degree
weighted graph G = (V, £)

edge (v;,v;) has weight a;
welghted out-degree of v; 13

o p— . .
dvj — Zie]\/’;’ Uiy

example:
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Balanced weighted graph
weighted graph G = (V, £)

edge (v;,v;) has weight a;

node v; is weight-balanced if d,;, = Ay,

example:
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Balanced weighted graph
weighted graph G = (V, £)

edge (v;,v;) has weight a;

G is weight-balanced if
every v is weight-balanced

example:




Adjacency matrix
weighted graph G = (V, &), |V| =n

edge (v;,v;) has weight a;

adjacency matrix A = |a;,]

example:

qu
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Degree matrix
weighted graph G = (V, &), V| =n
edge (v;,v;) has weight a;
degree matrix D = diag(d,,,...,d,, )

(‘diag’ means diagonalization)

example:

qu
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Adjacency & degree matrix

0 0 2 2 0
0.o 0 0.9 0 0
0 |

20



Laplacian matrix
weighted graph G = (V, &), |V| =n

edge (v;,v;) has weight a;

Laplacian matrix L =D — A

example:

qu
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Laplacian matrix

2 0o -2
L=1-05 1 -=0.b
0 -1 1

Every row sums up to zero
L1=(D—-A)l



Eigenvalue & eigenvector

weighted graph G = (V, &), |[V| =n
Laplacian matrix L =D — A

L has an eigenvalue O,
with eigenvector 1 (7)
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Rank

weighted graph G = (V, &), |[V| =n
Laplacian matrix L =D — A
rank(L) <n —1

if § contains a spanning tree
rank(L) >n — 1

if G contains a spanning 2-tree
rank(L) >n — 2

if G contains a spanning k-tree
rank(L) 2 n — ]C 25



Rank vs. spanning tree
weighted graph G = (V, &), |V| =n
Laplacian matrix L =D — A

if § contains a spanning tree
rank(L) =n — 1

example:
2 0o -2
L=1-05 1 -0.5
0 —1 |




Rank vs. spanning 2-tree
weighted graph G = (V, &), |V| =n
Laplacian matrix L =D — A

if § contains a spanning 2-tree
n—2<rank(L) <n-—1

example:
0 0 0
L=[-05 05 0
-2 =1 3
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Rank vs. spanning 2-tree

weighted graph G = (V, &), |V| =n
Laplacian matrix L =D — A

if § contains a spanning 2-tree
n—2<rank(L) <n-—1

example:

28



Rank vs. spanning k-tree
weighted graph G = (V, &), |V| =n
Laplacian matrix L =D — A

if G contains a spanning k-tree
n—k<rank(L)<n-—1

example:
0 0 0 0
10 0 0 0
10 0 0 0
-1 -2 -05 35




Rank vs. spanning k-tree
weighted graph G = (V, &), |V| =n
Laplacian matrix L =D — A

if G contains a spanning k-tree
n—k<rank(L)<n-—1

example:




Rank vs. spanning k-tree
weighted graph G = (V, &), |V| =n
Laplacian matrix L =D — A

if G contains a spanning k-tree
n—k<rank(L)<n-—1

example:

-0 0 0 0 ]
—05 05 0 0
0o -1 1 0
-1 -2 —-05 35

31




Nonnegative matrix

matrix A is nonnegative, A > 0

if every entry a;; > 0

example:
1

a 2

adjacency matrix

A B 1
; Lo o ¢
2 P

= >
L Ao%oo—o
O- 00 3 0



Positive matrix

matrix A is positive, A > 0

if every entry a;; > 0

example:

> ()
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Irreducible matrix

A > 0 i1s an irreducible matrix

if I +A+---+ A1 >0
(n is size of A)
0 0 0 3]
1
example: A=z 9 9 Yy
0 L 0 0
1 0 0 5 0
: _ _
? [+A+ A%+ A% =
1 15 1 5 11°
2 LB b
S S A B b
S A O i
_ 8 S S 8




Irreducible matrix

Fact: A > 0 is adjacency matrix of G.

A is an irreducible matrix
iff G is strongly connected
) 0L

0 0 !
1
example: A=z 1 0 =0
2
1 0 0 5 0
: I i
>
? 2 [+ A+ A+ A° =
1 1 15 1 5 117
A
O- p) é 5 11 5 | >0
SO S G
| 8 8 8 8 10




Primitive matrix

A > 0 is a primitive matrix

if (3k > 0)A* >0

example: % 00 L
=15 1y ol 2

o0 Iy

11 3 37

383
AP=15 5 § §[>0

O

18 &8 8 81 11




Primitive matrix

Fact: A > 0 is adjacency matrix of ¢
(every node has a selfloop edge).

A is a primitive matrix
iff G is strongly connected

example: % 00 L
G(A) A=z 3 0 Y >0

%8 1 8 2 1 1

2 _ 2 2.

1, "1 1 3 3°

ol e
1 A° = > ()

Q- O
5 '8 8 8 84 1w




Types of Laplacian matrix

weighted graph G = (V, &), |V| =n
Laplacian matrix L =D — A

a;; > 0 = A nonnegative
= L ordinary

example:
A=105 0 0.5

05/'q 01 0

© 105 "2 0 —2°

! L=|-05 1 =05
2 0 -1 1
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Types of Laplacian matrix

weighted graph G = (V, &), |V| =n
Laplacian matrix L =D — A
a;; € R = A real

= L signed
example:
0 yq A
@ 1|05
N
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Types of Laplacian matrix

weighted graph G = (V, &), |V| =n
Laplacian matrix L =D — A

a;; € C = A comp.

= L comp.

example:

0.5 /Q

QO

, )\ 4
NG

A =

0.5
I =

X
X

0 0
0.54+j 0

o
—0.5 —
0

2 — 3]
0.5
O -
0 j—2
1+j —-0.5
—1 1
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Types of Laplacian matrix

weighted graph G = (V, &), |[V| =n
Laplacian matrix L =D — A

a;; > 0 = A nonnegative = L ordinary

averaging, optimization, consensus

a;; € C = A complex = L complex
2D formation control

a;; € R = A real = L signed
3D formation control
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